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GRAVllATTONAL WAVES FRON ROTATING AND PRECESSING RIGID BODIES: 
II. GENERAL SOLUTIONS AND COMPUTATIONALLY USEFUL FORMULAE^ 
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ABSTRACT 

A rigid, freely-precessing Nevtonlan body emits gravitational 
radiation. In this paper I teviev; the classical-mechanics results 
for free precession which are needed in order to calculate the weak- 
field, slow-motion, quadrupole-moment gravitational waves. Within 
that formalism, I give algorithms for computing the exact gravita- 
tional power radiated and waveforms produced by arbitrary rigid-body 
freely-precessing sources. I also present the dominant terms in 
series expansions of the waveforms for the case of an almost- 
spherical object precessing vlth a small wobble angle. These series 
expansions, which retain the precise frequency dependence of the waves, 
may be useful for gravitational astronomers when freely-precessing 
sources begin to be observed. 
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1. iimoDocnoR 


In this paper 1 ..alyxe the qaadrupole gravitational reflation 
-ltt«! by a freely-precsslng, rigid, N«.tonlan body. An earlier work* 
(hereinafter referred T. a. Paper I) pres«.ted the solution, for „l.y^ 

«trlc ..rjacts and, m the sssell-wobhU-angle limt, an appromlmat. eola- 
tion for ^Isy^tric bodlea. Paper I aleo discussed eon. a.trophyslcal 
application, of those calculation, to neutron star. a. ,«.rce. of gravl- | 

tatlonal waves. Here, 1 give algorlths. for conputin. the exact renslte 
for the gravitational power radiated and waveform, produced by arbitrary 
rigid Newtonian object, rotating free „f external torques, i„ the st«dard 

quadrupole moment fomalisn. i at— 

-e lomaiine. 1 also give co^tatlonally vs.ful formulae 

for the interesting case of m alwet-suherirai nki— . 

spnerical object precessing with a 

small wobble arrgle. These — — — . — — . ,, » 

-ng These series expansions retain the precise frequency 

dependence of the waves - an Important point for observer, wS.. may have to 
integrate over long time. In order to see a signal. The result, are com- 
p-red With the Simpler, approximste waveform, of Paper i. Since that 
paper discussed at length the application of these calculation, to astro- 
phTslcal systems, only a few rcark. « that topic are included her,. 

Section II of this paper review, some of the classical Nevtonlan- 
s*cha„ics result, for free precession, define, the coordirwrte systm. era. 
terminology used herein, «rd present, f.-nerlae useful for calculation, of 
the power radiated in gravitational wave, by a otatlng rigid body, r.urt 
section .1,0 give, the d-i„a„t term, m the gravitational l„i„„.uy for 
an Object with msall wobble angle, ..all oblat«.e.., and ..all 
•setry, and interpret, those terms. Section III reviews .ore of the 
classical f ree-prece.slon results, a.-d uses them to derive fonm.l.e for 
the gravitational waveform. h^(t) .„o h^(t). That section also pr..«.ts 
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explicitly the doolnant terms, with their exect frequency dependences, 
for the saae astrophyslcally-relevant Halt as In Sec. 11, The ueveforas 
are interpreted and conpared with the approximate results of Paper I. 
Figures 1 and 2 show the exact results for h^ and h^ as calculated accord- 
ing to the algorithm discussed in Sec. III.C., in two specific cases, for 
a variety oi observer inclinations relative to the precessing body. 
Finally, Sec. IV suBaarixes the conclusions of this paper. 


11. POWER RADIATED IN CRAVIXATIOKAL WAVES 

A. Review of classical free precession results and 
specificsrlon of coordinate system 


Throughout this paper, 1 shall use the physical conventions of Landau 
2 

ara! Llfshttx in describing rigid body notions, and t.ie mathematical nota- 
tion of Abraaovita and St<gun^ for elliptic functions and integrals. Much 
of the material necessarily repeatel here In the course of specifying the 
problem is taken directly ftun Ref. ?, 1 work In units where G . c - 1. 

A rigid, Newtonian object In flat space has Its Inertial properties 


cosspletely speclflso by Its mass and by a syesaetrlc tensor 1 with coo- 
puments m J soae nonlnertlal coordlnaie system 

celled the "body frame" 1 Is dlagonalited, with diagonal components 1^, 

^2» *3' ***' "titer of ness of the object is stationary at the origin. 

Choose the body-frame unit basis vectors e^, e^, to form a right-handed 
coordinate system such that Ij < Ig < 1^. (if any two of tne principal 
moments of inertia are equal, the analysis In Paper 1 applies.) I shall 


“»* Ldtin subscripts for components of tensors evaluated in the inertial- 


space reference frame, and Creek subscripts in the body frame. When 
specific emponents are referred to explicitly, the letters x, y, mid x 
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are used in the Inertial frMe and the digits 1, 2, and 3 in the body 
frame. 

The ccaponentt of a ten-or (such as l) in the body frmse and In tha 

inertial frame arc related by the "rotation matrU" R. • e • J . At an* 

Jw J p 

mesaent, the body frmie's instantaneous angular velocity may be described 
by a vector 5. The total angular mome n tiai of the body li J • G, e 
constant (if gravitetlooal radiation-reaction torques arc ignored). 

Choose the coordinate system of the Inertial frame to that 3 • J c . 

The orientation of the body frmit relative to the inertial system Is 
described by three Euler angles: Q is the angle between e^ and e^, © Is 

the longitude of the ascending node (that la, the angle betsiecn e^ and 
the line of nodes formed by the intersection of the e -e plBie mi the 
*l'*2 p'*"*)* angle in the ej-e^ plans betveen the line of 

nodes and Cj. (Sec Sec. 55 of Ref. 2 for illustrations and irrminri.) 

Choose fhe origin of time and the orientation of e^ and such thst 
at r - 0, P is at its maxlimin value, g . x/2, and ^ . 0; that is, e^ Hat 
*x'*y and e. He In the Sy-*, plane. (This completes 

the spcciflcatian of the two coordinate systas, and results in formulae 
sdiich agree with the conventions of Paper 1 amd Ref. 2.) 

If the components of 0 u> the body frm»> are denoted by (^, and 
then the body has rotational energy E « J (*i**i^ * * 2 ^^ * * 5 ° 3 ^) 
angular mmsentimi J m |3| - (1^%^ -s *P^*' 

ficity, make one additional assumption about the precession: assisM 

that > 2EIg. This Is equivalent to assiBlng that, in the body frmae, 
the apparent precesslooal motion of 3 Is a closed curee around the e^ 
axis. (If « 2EIg, the motlcxi of 3 Is along a curve pasting through 
the Cg axis and the tolutions for the gravitational radiation may be 


S 



obtained . ii.it of th« «,„.fon. bIv«, b*lo«. if th. 

■otlcio of 3 1< .lonj . clo*«d curve .round the «i,, «d by coo.l.t- 

«tly lnterch«gln« the Indlce. -1- ,„d -S” belov, the correct .olution. 
appear.) 

The coi^oBent, of 0 In the body fr»e .re .I.ple elliptic funcrioo. 
of tl*e. Define the Initl.l-v.lue con»t«>ti .. fij(t.O) tad b - SjCt-O), 
and the dl.en.l<»le5s tl» variable t .ccordin, to the equation 


. Vi 


.rvs-^i)] 

h;n7-ij 


2'"3* V I 


Qj • b dn T . 


The paraneter a of the elliptic function, in Eq». (g) i. 


(Ig - I^) a 


V *3 


A. - ♦ 0. ta T - am T. cn r ^ CO. T, dn T * 1, tad th. .olutlon. reduce 
to th. .yooetric-object talution. of Paper I. ibe elliptic function, are 
pariodlc in their arg-ent r, with period L% where K(„) i, the -coopl.t. 
elliptic integral of the fir.t kind" defined and t.buUted In Ref. 3 


B. Derivation of equation, uaeful for the quadrupole- 
■“*®t formal iM calculation 

Th. qu«:ropol.-.o.e„t formallta^ that th. total ta.rg, radiate! 
per unit time in gravitational wave. 1. 

The «igl..br.cket. denote a time-average over a few period.. 

The .olutlon for the body*. pr«:...ional motion i. «.;h .Impl.r U 
the body frame thta la th. inertial frame, .„ it 1. profitable to work 
in th. body frma. a. «ch a. poe.lble. In evaluating th. total power 
rmllated in gravitational wav.., i. fact, on. can work tatir.ly m the 
body frame, and 1 .hall do ao. 

Since and the body.frtaed i. con. taut, ai^le 

differentiation with reapect to tlam give. 


■ *-v ^ ♦ «jAv * 


The derivatives of the rotation natrlce. are: 


*Ju ■ 'jkfh"lu ■ 'vwrVjy 


"j- ■ 'vuy»v*jy ♦ Vv*jv ' 

■ [ws- '“'V Vr] “jy * 


^ Taking Bqs. (1) and plugging into the equation for Tjj^ yield. 
*Jk “ *Ju*Vv*wv ***• luantlty B^^ l»: 
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■ -«Wuv ^ ^ 7 V ^ Vvj * 

" "ur [‘rv«f“. - ‘‘ I2l\) - * Vv] * 

^ [«r('c6v“u * '.&.V ♦ ^ <«*6v^iy^ ♦ ^8u^rv>] • 

Th« problea of calculating the total power radiated, P, thue reduces 

to the problea of eealuatir^ ^ 4 ^ " 4 * >• 

5 ^ jk jk' 5 ' |*v uv' 

The teras of are not really as coaplicatcd as they nay appear 
to be when written in tensorlal notation. Usina the fact that I Is 

liW 

diagonal is the body fraae, one finds: 

“ll - ® - ^“l° 2 S } ( 6 ) 

»4iere 

^ ■ * 2 * Ij* ^ » I 3 - Ij, dj B li - Ig. (7) 

The other dlagorsl conponents of B^.^ follow by cycling the indices 
l + Vor th« off-dlagonal c*rB«, 


“12 ■ Vs - *‘• 21 %) * - 

- sni(2s-s) - =>-'^ss - =4ss 


(8) 


and the other ccr^ponents of B follow by cycling the indices and by 

syasetry (B • B ). 

' UW vp' 

Equation (5) is quite general and in fact can be used to calculate 

for any tiae-varying rotation rate 0(t) the Inertial-f raae time derivatives 
•* 

of any rank-2 censor 1 tdiicb is constant in the body frasa. For our 
t ** 

Special ease, tdiere n is that of free precession and I is the inertia 
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I 


tensor, the equations of notion atid their derivatives deteminc Che 
derivatives of fi : 



Using these identities to reaove the derivatives of 2 froa B 


»11 ■ ®SSS (- s * ^ ^ ) 


»12 ■ - ‘S'^'% ♦ 


*2 '7* 


The other coapoocnts follow by synsccry and by cyclically peraurlng sub- 
acripts. 

In order to evaluate the actual power radiated la gravitational 
waves, it is necessary to know the average values over a cycle of sa^ t, 
sn^ T, sn^ T, etc. These can be expressed in teras of the cca^leta 
elliptic Integrals of the first and second kinds, K(a) attd Efa) (see 
Ref. S). The results of tine- averaging over a cycle are^. 
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ISa 

5S6 


+ • • • 


Th« Identltiei cn^ T - 1 - tn^ T «nd da^ t - 1 - b t which r.Ute 
other elliptic function* to *n t enable ell of the other everege* to be 
calculated froo the above one*. Froo these average*, the exact power 
output la gravitational radiation 1* straightforward to writ* out. 


C. Exact quadrupole-nooent gravitational Itaalnoslty 

Ih* total power P radiated In gravitational waves depends on the 
p*r«aeter* l^, and 1 ^ (principal noaent* of Inertia of the rigid 
body), and a and b (initial values of the coaponents of the body's 
angular velocity along the and body axes). 

To cospute the total gravitational liaalaoslty for any choice of 
these paraaeters, one can proceed as follows; ( 1 ) evaluate the elllptlc- 
functlou parsaeter si fron Eq. (3); (2) evaluate the averages over a 
cycle (sn® t), < sn* t cn** t>, ( *n^ t cn^ t dn^ t>, etc. of the varloua 
combination* of even power* of sn t, cn t, and dn t wxth exponent, adding 
to 6 , using Eqs. (ll) «,d the elliptic function Identities which follow 
th«; (3) evaluate the averages for w,v running I through 3, using 


a 


Eq*. (2), (7), (10), and the average* calculated la step (2); (k) add up 
the result* of step (3) and divide by 5 to get P ■ i (g n > .u. 

quadrwpole-noaent fomalla. result for the 1 -Inoslty In gravitational 

W*v«s, 

D. Series expansions for smII wobble angle, snail 
oblateacss, and near axlsyaeetry 

Because the gravitational powe- radiated P «,t be Invariant «,d*r 
a reversal of the direction of rotation (2 e .J), p 

powers of Cj, O 5 . Define co*fflcl«,t. F , C, and H for each 

of the types of tenes In Q by; 

' • 5 ( • <KS%V) • , ) • (U) 

nA v/ 

On* cen expand F^, C, and for the Interesting case of anal I 

oblatene.s, where the difference* between the principal noaent* of 

Inertia are saall compared to the principal aoments thaaielvea. Tb* 

results are siaple; through order 4 

w 

F - 32 4 ® 

U b 

c - 100 ♦ 8U 

. / 

■ 2 (13 4.^* for ^ v 

"11 * ■ "33 ■ 0 * 

The equation P^ . 32 4 / Is, in fact, exact to all order. In 4 . 

The tens." m P, which are proportional to a sUth power of a single 


» 



tod,-fr«. pr.cl,.ly {S^/5){l^.l^f^a «), 

(5?/5)(l . 1 )^(Q and (3^S)(l .i n. 

3 1 -2 /» v-i-vonij . Ig; (a, >. ™«»« «r« familiar fro. 

•K. .... ^ 

terms. 

The expression for P 1„ rams of r^. c. «.d still cont.la. «.- 
evaluated averag., of angular velocities. In the astrophyslcall, relevant 
Of small mohbl. angle, maall oblateness. and near-a,lsynnetrv those 
.veraga. can he convanlently expanded. Small wobble angle «... ,^.1 the 
r.tlo of the body-fra« «,g„l.e ^,.,ztle. 0,(o)/n,(0) . ^b « 1. s«ll 
oblateness Implies tha^ « 1 (,i.ce 1, < 1 ^ , 

-o need to mention Ig her.), hear... .y«.rry causes d, - 1,)/(X, . , 1 
that is. the e,uatorlal .„n.„ts of Inertia are close to each other compared 
to their difference from the polar mo=«.t. If «,ual weights are given xo 
tnree of these small parameters, the power radiated by a free’/ 
Ptete.slng rigid body can be «cpanded to give, at lowest order: 

-here X,^g 1. some average of X^ and Xg, the precise nature of which Is 
Irrelevant to this order. 

sMs Simple result for the gravitational 1-lnoslty 1. .i.„ 
reasonable. The first term, (; 2 /s) h« (ig . ,^)2. 

for a rigid body freely-rotatlng about Its principal axis x, at «.gul.r 
velocity b. The second ter, 1. the naall-wobble-^^gl. ii.^* of the 

energy r«.lat«. by a fr.,l„rot.tlng exlsyetrlc rigid body,» with 
equatorial moments of Inertia . Ig. 
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m. C^AVlTAnoilW. aAVEPORMS HUM FttE PUZCESSIO* 
Further review „f precessl*. res-lts 


calculation of the waveform, radiate, by a precessin. object le 
.-th simpler and more comple, rh« ealcuUtio. of the total power 

by that body, xt 1 . simpler In that only two time derivative, 
ocur. instead of three, and that oml, term. 11.... i. T .cc„, i.....g 
of terms qoadr.Mc. Xt 1 . more cmspl„ 1. that the Euler ..g,.. 

-F .ppear arrpllcltly. Xt 1 . .1.. 

O on. more pars«t.r, th.- obrnsreer*. Ucllnatlon angle -f- reUtl*. to 
the invariant J direction. 

Ti. vv - -b -« J - w, t,-. .„ 

In time, with period 


T ^ r___V2__ I* 

• ‘ lrvvf*3-vJ 


f*e« Eqs. ( 1 ), (2)^ (3jj^ 

Ibe Euler angle. © «wl » are .x.o periodic, with perioo X/g. 



H.C. «w. throughout X use the notation -sd Initial-value choice, of 
Sec. XX.* «wl of lUf. 2, Wherein the claasld free-precessl*. reswlt. 
-.fch X quote are derived, .ote that If the obl.t«.s. of the body l. 

•«n, th. period I 1. «r, long. A. X^ e Xg and the object approaches 
« sy—try, m . O, n^d) * romatant, and T ^ 


U 


usual frae pracastloo pariod of a synatrlc body. Nota also that for 
pracar.stur trouid tha axis, [ < 0. 

The Eular angla ip, unfortuaataly, is coay>llcated; if it is written 
as a sum, p than tha function can be expressed by 



-hare a is a solution of sn(atOK) - ^jb/d^a) ani is a theta-function 
in the notation of Ref. 5. (Because of tha cobdoo periodicity of the 
elliptic functions and the theta-functions, all solutions Q are etjuiva- 
lant.) If K*(n) mRCl-m) and <; ■ exp(--*VK), then a useful series 
expansion of can be written: 






(18) 


The function ;p^(t) is periodic in t with period 1/2. The other part of 
V is a linear function of tine: g^(t) - 2rt/T', where 


2* _ _J 2^ ^ i^) 
■ T ;^T55T 





sinb (2nsa). 


(19) 


Thus, cos (^(t)) has a period T’ not, in general, cosnensurate with T, 
and so the body's smtion typically is nonperiodic. The period T' - 
as tha body becomes axlsymetric. 
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B. Derlvatioa of e>juatlaas for the guadrupole- 
atMit wavefons calculation 


The general expression for tha wavefonss radiated is a slnpla ooe: 
in tha transwarse-tracalaaa gauge of taf. k, tha di.ansl«,I,s. 
gravitational-wave a^lltudes are 



In th.se aquations, r is tha distance fr« tha obsarvar to the 
eourc, of tha r^liatio,., «x. « w ar. unit vactors trsmsua... to 

the waves' dlr«:tlon of propagation. Spaclflca'lr , tor a source at tha 
origin of the Inartlal fr-e and a distant obsarvar in the pl«« 

at colatituda 1 fro. the the vactors v and 5 -y^ba'daf inad 

** * * *y * "a *^ * “^ * ■ an obsarvar would, in the 

usual astron<*lcal conventicn, da/m. the body's -inellnatioo" to b. 
angle 1. 

As in Sac. II, it is advantageous to work a. «M:h as possible in 
tha body frae. Using the relation 1,. - I (g R. + oi I . , t , 
substituting the results for and R^^ fr« Sec. 1I.», 6,.. (k), 

I obtain: 


" *Ju*Stw\v 

tdiara 

«„ • • (.^6j . . 

• <W. • «,«.)■» • 


( 21 ) 


IS 



1. define, co^Ufly 1 „ t,r« of body-fr*. Cooblnto, Eq., 

(ao) «>d (21) Ith th. d.fi„ttlon, of C. C, ^ i, I obflo 


“* ‘ ^ ' *yu - •'" * ‘ *yv * “» » - 

■ *«i*"kv] \v 


(cc. 1 I . , 1 „ I , ) , ^ 

7»* Su XV UV 


»*«re th* explicit cg^oncnti of A are 


^1 - 2 (^1^^ - 


*12" 


end iy»etry «d cyclic index pemr^tation give the reit. 

!».. coiponent. of th. rotation oatrix i„ t.r,s of th. Eul.r 
6, ,, a» ♦ are reproduced her, for convenient reference. They are 


' CO* p coa Q 

- CO* C sin p (in i 


- ain , coi ^ 

- cot 6 CO* p tin 9 


*in 6 tin 9' 


CO* p tin p 

♦ cot Q tin p cot p 


■in 0 tin p 


■in . tin p 
♦ cot e cot p cot g 


■in 6 cot p 


-tin 0 cot g 


c. Cu» V..an.,>.I.._>nt trmu>:a.I ....l.r.. 

»» . fr..!,.,......,.,. 

ri.id body dep«H. on the para«t.r. 

of inertia of the body), * *«, b (initial value. ,f the conponent. 
of the body.. «^i.r ...ocity .Un. the ..d ^ body «r..,, , 

-tion «gl. of tb, obaerver relative to the invariant J dir«rticn of 
th* body), and tiae t. 

To co-put. the ,r.vitati««, -.vefor-t h^ 

th... parr^tert. on. can proceed a. follow: (l) evaluate the elliptic 

f-ction par-eter . fre. g,. ( 3 ), ( 2 , ^ 

by «(acQ*(«)) Ifollouln, Eq.(l7)J, (3) evaluate the tlM 

pTaneter t u.in, Eq. (l), ,h. .*,.1., velocitie. i^, 0^ and at 

-ti-" t utin, gq.. ( 2 ), ^ 

(io)-(l9)^ (^^) •valuAte cli* rnfiiMiiim of A m%A a d « 

«^anencs of a»<! u.u, Bqt, ( 25 ) 

-<« (2b)i (5) plug the retult. of the preceding evaUttlon. evnloati., 

into Eqt. (22) to c-put. h^(t) «XJ h^(t). 

calculate the uevefom. .houn in Pi„. , ditcuated 1. 

tho follo«o*ins •ubsoctioo* 

D. Serlet expantiont for t-all vobbl* ai«le, taall 
oblaccnett, and t-all oonaxlty^etry 

».il. .rbltr.rl|,-,curat. value, for -.d h^ -ay k. co-puted 
Alxoritha doscrikMi 

^ « a«scriM4i Abovo, for man, r«r|»osoa u My W aor* 

-eful to have avnilable the firat te.« of a ..rl.. .npan.ioo of the 
gr-nritational «evefor«. m -akin, th... expan.icot, on. -uat be care- 
ful not to loe. the correct, exact fr«,u«n:y dep«ui«ic. of the uav... 

®*F*^^**®t* to dctoot ■ . 

nearly— onochro-atic gravitational radiation oftai 


IS 


need to integrate for long ttnet in order to build up an observable 


signal. Hence, ’’saall'' errors in the calculated poster spectrias arc 
dangerous. There also nay exist several closely- spaced frequency con- 
ponents la the radlati.-nt, «diich will be confused and confounded by a 
series expansion that fails to preserve the correct frequency spectriai. 

To BBke the expansions possible, in addition to deoianding snail 
elliptic function parasnter n, it is also convenient to deaand that the 
wobble angle be snail and that the parsseter 


S ■ 1 



i 


be saall. This allows expansion of cos .. The rssunptiao of snail b is 
equivalent to the assuaption that the body's nonaxlsynsetry is not too 
l„rge. 

The resulting expansions of the cosines of the Euler angles are: 
r n 2 

cc* 9 • -j— I I ^ (cos 2v - 1) 6(n ) 

cos ♦ « sie, vfl ♦ (6 + ") cos^v + S(5^,n^,n8)j (25) 

cos 9 • cos •» g sinh (2rO) sin sin 2v ♦ 6(n^) 

where v n xt/(2K) ■ 2xt/T. 

One nay now plug in and grind these explicit Euler angles through 
the equations for h^ and h^. The results are sls^le and interesting for 
the ostrophyslcally Inportant case of saall wobble angle, saall oblate- 
ness, and near-axlsyiHBetry discussed in Sec. II; 


h^ - ^ (1 ♦ eos*i)(l 2 -ipo^ cos (20t) ♦ 
h,j « cos i (Ig - 1|)0^ sin (2at) ♦ 

ef .lni(l3.1j^j,)(Sr){rf 


(as) 


s^ere a n {it/V) - and ia an average of 1^ and 1^ (as before). 

These are the doalnant ta-ns in the radiation; corrections are of higher 
order in n, 6, alj/(blj), 1^ - Ij)/!^, and (l^ . |j)/(lj . 1^). Bqs. (26) 
do, however, retain th . exact frequency dependence .f the don. aat parts 
of the wave' !.• the period T*. (The cost is that T* obeys a nessy trans- 
cendental eq latloo.) The results here agree with Eqs. (2) of Paper I, 

'’diere s . u^l. r expansion was saadc which only gave the waves' approninace 
frequencies. 

At was the -ase la Sec. II, the dn'lnant conponents of h^ and 
[Eqs. (2E)] have a sii^le physical interpretation. The waves at frequency 
2Q with strengtu independent (to this order in the expansion) of the wobble 
angle are fron the differing nonents of inertia 1^ and 1^. They are 
identical la strrngth, frequency, and angular distribution to the waves 
produced by a slnple rigid rotor (a spinning d issbbell, for exanpla). 

The Steves at frequency arc the assll-sa>bble-angle Halt of the waves 

produced by a freely- precessing, sscisywtric (l^. ljj) object [■qs. (1) of 
Paper I]. At ia that case, the nean frequency of pulses teen fron a spot 
fixed on the body's surfsce is not equal to the gravitational-stave fre- 
qsicocy; the tsto .'iffer by the precession frequency Zts/X. As discussed ia 
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p.p.r I, this frequency splitting osy e.us. Jlfficulti.s for ,o«e 
ir*vitstion.l-v.v. dstecior, which rely on . hi«h-0 syst«s, nech«iicellv 
synchronised with . p„l..r-. electrooer.«ic pul.es, to integral, up 
oh.erw.ble sign.l. On the other hend, if the frequency srlitting c«. be 
Observed, it will provide . direct -e.sureo.nt of . pulser*. obl.t«.es,. 
Other defile of the gr.vitetion.l w.vefor-s give infonsetion .bout wobble 
•«l., Inclinetion, -d non„i,y«*try - Infor-tion difficult or i-pos- 
sibl. to obt.in by electrc-agnetic -e«.. See Peper 1 for . d.t.il.d 
disciission. 

Figure 1 shows the co-puted w.weloros h^ end h,^ for . freely- 
precessing, ne.rly-„i.,.^tric body . 0 . 991 ) 

With . feirl, «1, w„bbl, «,le (e/b . 0.1). ih. «rsct solution .. 
«r.ph«l agrees with the first tens, in the series «cp«sioo [B,,. (og) , 
to within the expected accur-:y of - ic*' > |./fc| ^ g. p.^ticuf. 

choice of initUl conditions et t . 0 us«i i„ this p.p.r, «.d the loc.- 
tion of the Observer in the pU„, ,,, p.rticuUr ph.s. 

rel.tionship between h^ «.d h^ .vide„t ne.r t . 0. At Inter tl-es, the 
fr«,u«.cy splitting due to the (in this c.s. slow) body-fr... precl.sion 
ch«ge. the reletiv. phese, of the two w.„ poUrisetions. Th. .. XO^ 
contribution. fr» t.r« not refined m Eqs. (26) ,l.o fuse slow (ti— 
SCSI a T) -spllt«ie v.ri.tlon. of th. wev.s; .be v.ri.tlons .re especl.ll. 
Visible .t 1 - o. The frequencies of th. d««ln«t Fourier co.q>onent. .. 
clcul.ted in Eqs. (26) .re exact. 

In Fig. 2, the w.ve. e.ltt«i at various «q,lec by , hlghly-obl.te 
dl/lj • 1/3, Ig/l, - JVs) body precesslng with . large wobble angle 
(s/b - 1) are shown. In this case the two tls-scales T and T' are of 
c-p.r.bl. -apmudes, .„d the vavefor-s et all inclln.tlon. i «rhibit 
a wealth of iafonaation about their eource. 

i8 


IF. COMCUISIOMS AMD OP« QUESnCMS 


Tb. re-.lt. giv-i u „ -sd I„ of this paper for the power 

•d -avefor^ produc-1 by . fcXp precesslng, rx,xg, I 

sl-pl. -pplication. Of the qu-lrupol.-a-«it for-ali.. f I 

physical syste-. A. diseased in Pnper these id.alu-. c.lfl.tif. i 

«y be appllcahl. to the ..trophy. leal I, rwallstic case of a ,.pidl, 
rotating neutron star. Ih. sensitivities of gr.vif ti<«l experx^cs 

Uprovln, at a rapid rate; it Ir cone ivabl. that .recess fg- body i 
sources will be det-:trt,l. within the n«it dee-1. sv- I 

he- -ay then help oth.„ cn-p.fti-i .1 lab... 1 

F-pors 1 «wl II have o-ly dealt «i U. weah-fi.ld, slo-^tlen, s-.u. j 

•trsss -x,rcf (tS. sfndard M««oni«, appro-i-atlnn f ,«,«„x reUtlvSty). ' 
«~tron sear, has, rather strong fields, ...c. . 0.2 i. typi.., ) 

~dels. I suepoot, but have not proved, that the strong-fi.ld, sin-. i 

-otion approxi-ation f g«i.r.l relativity will gi., p^,^„ j 

-vefof pr-iicticn. a. doe. the we-.-fi.ld for-.li«., if the -...nt o, 

1-rti. «W. qu-irupol. -«e„t t«i-,r. of the bod, are properly r-,efi..d. j 

^1. topic eight be worth, further inv . ..,tioa. it eight also be ff r- ! 

-tin, t« calculate -or. realfuc -odel. of precessf, 

-her. th. ...-pti«. of . finite rigidity end f „ external terque, ire 
rolax-i. (Paper I, Sec. TI. sugge... but doe. not prove that such real- i 

l.tlc -odel. Will typically not differ significantly fron the -odel. 
c.lcul.t-1 here, except for having a l„„,.r preces.-on ti-.sc.le T.) 

FinaU,. -or. worh on the interpretation of the gravit. tinnal -ewfor-s 
-i.ht be valuable, Paper 1 discussal how to d-h.c. infor-ation about the 
fr« the wsnrs, but only for the c-sae. of «i.,«,i. ^ 

s-all-wobble.-igle precesaion for trlnxlal bodies. 
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riCUR£ CAPTIONS 


ri«. 


Fig. 2, 


U Cr.vit«tion,l radUtlot. w«vefo™» (solid lines) «,d 

(«!«sh.d ll,«s) neewrable by observers at inclinations i''- o“, 
so", 60", and 9o" relative to the 1 of the freely preceaslng, 
rigid, Newtonian soorce. The algorlth. and equation, of Sec. 

Ill were applied to a body with principal ncaents of inertia 
Xj/I, - 0.99 and l^l^ . c.9<.l, rotating with Ulttal values 
of its «.gular velocities n^(C)/ 23 ( 0 ) - V«* - 0.1. For this 
case, solution of the equations of notion gave elliptic f«,ctlon 
parnseter n - l.l x IC Oi - 0.9^893, period T* - 6.l89C6b, nd 
precession rrriod T - f 56. 19b. The di«„,lo„le„ 
terns of which h is plotted ace 




“ l.l X 1C 


,-2l 




Gravitational radiation waveforas h (solid lines) and h 

^ X 

(dtshed lines) neasurable by observer, at inclinations i - o", 
so", 60", and 9o" relative to the 3 of the freely prece.slng, 
rlg-i, Newtonian source. I„ th's case, l^/l^ . 1 / 3 , . ^ 3 ^ 

“l( 0 )/ 03 ( 0 ) ■ «/b - I, B - 1 / 3 , a - 0.t?9786, T* - 1.79069b, «d 
T - 6.93566 b. As in Fig. I, the dloen.lonless "units" in tenss 
of which h is plotted are Gl^b^/rc^. 
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